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' Abstract 

, Each Ann-category A is equivalent to an Ann-category of the type {R,M), where 

M is an ii-bimodule. The family of constraints of A induces a structure on {R, M). The 

' main result of the paper is: 

, 1. There exists a bijection between the set of structures on {R,AI) and the group of Mac 

r \ • Lane 3-cocycles Z\i^i^{R,M). 

\ 2. There exists a bijection between C{R, M) of congruence classes of Ann-categories 

. whose pre-stick is of the type {R,M) and the Mac Lane cohomology group Hlf^i{R, M). 

» . 
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^ : 

^ ! 1 Introduction and Preliminary 

, The definition of Ann-categories is a natural development of the definitions of monoidal 

j—{ • categories, Gr-categories. The axiomatics of Ann-categories was presented in [7]. The first 

ly-^ I two invariants of an Ann-category is the ring R — no(^) of isomorphic classes of objects 

(•~^ ■ of A and i?-bimodule M = ni(^) = Aut^(O). With the structure conversion, we can 

OO ! build an Ann-category of the type {R,M), which is Ann-equivalent to A. The family of 

■ constraints on A induces the one of 5 functions (^, a. A, p : i?^ — > M, r] : ^ M) satisfying 

^ \ certain relations. It is called a structure of an Ann-category of the type {R,M). In [9], the 

r ■ Classification Theorem was proved for Ann-categories: 

rS I (A) There exists a bijection between the set of congruence classes C{R,M) of pre-sticked 

' Ann- categories of the type {R, M) and S{R,M) of cohomology classes of structures on Ann- 

categories of the type {R, M) . 

Ann-categories which satisfy ca,a = id for all A are called regular ones. These categories 
are wide enough to study the problem of ring extension. As in [9], each obstruction of a 
regular homomorphism corresponds to a structure of a certain regular Ann-category. In [11], 
the Classification Theorem (A) leads to the Cohomological Classification Theorem for these 
categories thanks to the cohomology group iJg of i?, as a Z-algebra, due to Shukla [16]. The 
difference between the general and the regular cases is that the structure 77, a. A, p) of a 
regular Ann-category has the bonus property r]{x,x) —0 for the commutativity constraint. 

The main result in this paper is the Cohomological Classification Theorem for Ann- 
categories (Theorem 7.6) in the general case based on Theorem (A) and Mac Lane cohomol- 
ogy- 
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In 2006, T.Jibladzc and M.Pirashvili [1] presented the definition of categorical rings as 
a slightly modified version of the definition of Ann-categories and classificated them with 
the cohomology group Hf^^^{R,M). In [15], we have shown that categorical rings contain 
Ann-categories. "Do they coincide?" is still an open question. We have shown that each 
categorical ring added the condition (U) is an Ann-category. 

(U) For each AeR, the pairs {L^,L^), {R^,R^) defined by 

= A^- R^ = -^A 

are (B-functors which are compatible with the unitivity constraint {0,g,d) of the operation ©. 
That is, there exist isomorphisms L-^ : ^ — > 0, RA : ^ — > which make the 
diagrams in Lemma 1 commute. 

Thanks to the condition [U), we may build the structure no(^)-bimodule for the abel 
group M = Tlo (A) to the Ann-category A, and therefore may build the bimonoidal structure 
on the category of the type {R, M), (see [9], [11]). The cohomological classification is based 
on this structure. In [1], authors used these results in [9] without interpretting how to build it 
without the condition (U). A question is raised: "May we deduce the condition (U) from the 
definition of categorical rings?". Categorical rings and Ann-categories will not coincide until 
this question is answered, and the structure no(i?)-bimodule of categorical ring R should be 
built explicitly. 



2 Elementary concepts 

We start with some elementary concepts of monoidal categories. 

A monoidal category (C,(S),I,a,l,r) is a category C which is equipped with a tensor 
product : C X C ^ C; with an object /, called the unit of the category; together with the 
following natural isomorphisms 

aA,B,c : A (g) (B (g) C) ^ (A (g) B) C 
Ia ■■ I A^ A 
rA : A(Si I ^ A 

which are, respectively, called the associativity constraint, the left unitivity constraint and 
the right unitivity constraint. These constraints must satisfy the Pentagon Axiom 

{0'A,B,c <^ idn) aA,B^c,D {idA <8> aB,c,D) = aA^B,c,D 0'A,b,c^d, 
and the Triangle Axiom 

idA ®Ib = {ta idB)aA,i,B. 

A monoidal category is strict if the associativity and unitivity constraints a, I, r are all 
identities. 

Let A = {A, (8>, /, a, I, r) and A' = {A', 0, a', I', r') be monoidal categories. A monoidal 
functor from A to A' is a triple (F, F, F) where F : A! is a functor, F : I' —>■ FI is an 
isomorphism and the natural isomorphism 
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Fa^b -.FA^FB^ F{A ® B) 
satisfying the following diagrams 

FA igi (FB O FC) — «- FA F{B C) >- F{A (S C)) 

F(a) 

(FA FB) FC F(A ^ B) ® FC — ^ S) C) 



FA ( 


§F/ F{A 


0/) 




5 FA F(J 






F(0 


Fgid 






1 ^' 






i' 



FA /' 



FA 



/' FA 



F(r) 

FA 



A natural monoidal transformation a : {F,F,F) — > {G,G,G) between monoidal func- 
tors, from A to A', is a natural transformation a : F —> G such that the following diagrams 
commute, for all pairs (X, Y) of objects in A: 



FX FY 



GX GY 

I- 

F(X0r) — G(Js:0F) 



F/ 



G/ 




A m,onoidal equivalence between monoidal categories is a monoidal functor F : A ^ A! 
such that there exists a monoidal functor G : A! ^ A and natural isomorphism monoidal 
functors a : G.F — > id_A. and /3 : F.G — > id_A'- 

A and A' arc monoidal equivalent if there exists a monoidal equivalence between them. 

From Theorem 2 [13], : ^ ^ .4.' is a monoidal equivalence iff is a categorical 
equivalence. 

A monoidal category is a Gr-category (or categorical group) if its objects arc all invertible 
and the background category is a groupoid. A Picard category (or Pic- category) is a Gr- 
category together with a commutativity constraint which is compatible with associativity 
constraint. 

Definition 2.1. An Ann-category consists of: 
(i) A category A together with two bifunctors : A x A ^ A; 

(a) A fixed object G A with natural isomorphisms a+, c, g, d such that {A, ©, a+, c, (0, g, d)) 
is a Pic-category; 

(Hi) A fixed object 1 G A with natural isomorphisms a,l,r such that {A,^,a,{l,l,r)) is a 

monoidal category; 

(iv) Natural isomorphisms £, £H 



^A,X.Y 

'yix.Y,A 



A(^{X(BY) 
{X®Y)(^A 



{A®X)(B{A(^ Y) 

(X (g) A) © (r (g) A) 



satisfy the following conditions: 
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(Ann - 1) For each object A, the pairs {L^,L^), {R ,R ) defined by the relations: 



A® - 



= - (g) A 

Rx,Y — ^X,Y,A 



are (B -functors which are compatible with a+ and c. 

(Ann - 2) For any A, B, X,Y ^ A the following diagrams 



(AB){XeY) A(B{X(SY)) A(BX ® BY) 



<^A,B,X9<'A,B,Y 

(AB)X®(AB)Y A(BX)®A(BY) 



{X®Y){BA) —>~ {{XeY)B)A —>~JXBeYB)A 



ABA 
X{BA)®Y{BA) 



''X,B,AfSaY,B,A 



{XB)A®{YB)A 



{A{X®Y)B A{{X®Y)B) A{XBeYB) 



{AX®AY)B — — ► (AX)B®(AY)B -> — A{XB)®A{YB) 



(A e B)x e (A e b)y^^ (a e b){x e r)"^^A(x ®y)® b{x e y) 



{AX e bx) e {AY e by) 



{AX e AY) e {BX e by) 



commute, where v = vu,v,z,t : {U ®V) ® {Z ®T) — > {U ® Z) ® {V ® T) is the unique 
morphism constructed from ®,a+,c, in the symmetric monoidal category {A,®). 
(Ann - 3) For the unit 1 G A of the operation (8>, the following diagrams 



1{X®Y) 



IX ®1Y {X e Y)l - 

''xeY 



XffiY 



- XlQYl 



commute. 

It follows from the definition of Ann-categories that 

Lemma 2.2. In Ann-category A there exists uniquely the homomorphisms: 



■.A®Q 



0, 



R^ ■.Q®A 







such that the following diagrams 



1-^(9) 

AX A{0®X) 



AX A{X®0) 



oe AX 



AO e AX AX e 



AX e AO 
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AX " (0 e X)A 



AX ■* (X e o)A 



0®AX 



OA e XA 



AX ®0 



XA e OA 



commute. That is, L"^ and are (B-functors which are compatible with the unitivity 
constraint. 

Proof. Since the pair is ©-functors which are compatible with the associativity 

constraint a of the Picard category ®), it is compatible with the unitivity constraint 
(0, g, d). This means that there exists uniquely isomorphism satisfying the first diagrams 
of the lemma. The proof of EA is completely analogous. □ 

Lemma 2.3. In any Ann-category A, the isomorphisms , R"^ have the following 
properties 

(i) The family L~ = L (resp. the family R~ = R) is a ®-morphism from the functor 
{R",R") (resp. {L°,L^)) to the functor {6 : A i-^ 0,6 = g^^), i.e., the following 
diagrams 

{X®Y)0 — ^ 



^0 BO 















XO®YO 
0©0 



commute. 

(resp. R^{id ® /) = and R^®^ = go{R^ © .R^)i°). 



(ii) For any A,BgA, the following diagrams 

X(OY) " 



id<SiR^ 



(XO)Y 

iS>id 



X(YO) ^ XO 



R^ 

XO ^ ^ OY 



a 

(XY)0 



-XY 



commute and R^^ = R^ [R^ id)ao^x,Y ■ 

(Hi) = lo, R^ = ro. 

The properties of the isomorphisms L^, R^ are presented in [7], Proposition 3.2. They 
are necessary for the proofs of the section 5. 
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3 Ann-functors and the structure conversion 

Definition 3.1. Let A and A' be Ann-categories. An Ann- functor from A to A' is a triple 

{F,F,F), where {F, F) is a Pic-functor for the operation ©, -F) is a functor which is 
compatible with the associativity constraint of the operation (g) and satisfies two following 
commutative diagrams: 



F{X{Y®Z)) 
F{XY®XZ) 



FX.F{Y e Z) 



FX{FY e FZ) 



F{XY) © F(XZ) - — FX. FY © FX.FZ 



(3.1a) 



F{{X®Y)Z) 



F(XZ®YZ) 



F(X © Y).FZ 



(FX © FY)FZ 



F(XZ) © F(YZ) "-^ FX.FZ 



I FY.FZ 



(3.1b) 



These commutative diagrams are also called the compatibility of the functor F with the 
distributivity constraints. 

Note that, like ring liomoinorphisni, an Ann-functor F does not necessary satisfy i^(l^) — 
1^' . However, since {A, ©) and {A , ©) are Pic-categories, tlie pair (F, F) is compatible with 
the unitivity constraints of the operation ©, i.e., there exists the bijection F : -F(O^) 0^/ 
satisfying certain diagrams. We call ip : F G an Ann-morphism between two Ann-functors 
(F, F , F) and (G, G, G) if it is both an ©-morphism and an O-morphism. 

Ann- functor (F, F, F) : A ^ A' is called an Ann-cquivalcncc if there exists an Ann- 
functor (G, G,G) : A' ^ A and Ann-natural isomorphisms a : G o F ^ id, (3 : F o G ^ id. 

By the Theorem 8 [13] {F,F,F) is an Ann- equivalence iff F is a categorical equivalence. 



Now, we consider the problem of the structure conversion of Ann-categories by an Ann- 
equivalence. 

Lemma 3.2. Let F : A ^ A' be an equivalence of categories and G : A! A he a quasi- 
inverse of F. Then, we can choose natural isomorphisms a : GoF ~ idji and (3 : FoG ~ id'j^ 
such that 

F{aA)=pFA; G{PB) = aGB, (3.2) 

for all objects A e A, B e J[' . 

Lemma 3.3. Let (F, F) : A ^ A' be a (^-functor of ®- categories and {F,G,a,(3) be a 
quadruple satisfying the above relations. Then, there exists the natural isomorphism 

G = Gx,Y ■■ GX.GY G{XY) 

such that (G, G) is a ®-functor and a, (3 are ®-morphisms. 

For the quadruple {F,G,a, f3), wc can establish the structure conversion from A' to A. 
(g) is the tensor product in A', then A could be equipped with a tensor product defined by 

U(E)V = G{FU®FV) 
u®v = G{Fu ® Fv) (3.3) 
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for all pairs ([/, V) of objects and all pairs (u, v) of morphisms in A. 

^ For this tensor product, i^, G become tensor functors with natural tensor transformations 
-F, G defined as follows 

Fuy = ^f]j®fv^ Ga,b = G{(3a Pb) (3.4) 

for all U,V €C, A,B eV. 

If A' has the unitivity constraint {I',l',r'), we can define an unitivity constraint {I,l,r) 
of C by the following commutative diagrams, where / = GI' 

ix 

Ii»X >- X 

idSiax I »x (3.5a) 

G , G(l') 

GI' GFX —- G{I (81 FX) »- GFX 



X®I » X 



(3.5b) 



, G , G(r') 

GFXigiGl' — ^ G(FX0 7') GFX 



Then, F) and (G, G) are ®-functors which arc compatible with unitivity constraints of 
A and A' . 

Being different from the unitivity constraint, the associativity constraint a of ^ induced 
by the associativity constraint a' of A! only depends on ®-functor F) due to the com- 
mutative diagram (1.1). 

First, we obtain the result of the structure conversion of monoidal categories. 

Theorem 3.4. Let F : A —> A' be a categorical equivalence and {F,G,a, f3) be the 
quadruple satisfying the relations (3.2). Assume that there is a monoidal structure (lE", a', /', I' , r') 
on A'. In addition, the induced monoidal structure of A has the unitivity constraint (I,l,r) 
and F is the natural isomorphism such that {F, F) is compatible with the unitivity constraints 
of A and A^. Then A is a monoidal category. In particular, we can define the natural iso- 
morphism F by (3.4) and the unitivity constraint {I,l,r) by (3.5a) and (3.5b). 

Proof See Theorem 3 [14]. □ 

Two following corollaries immediately follow from Theorem 3.4 

Corollary 3.5. If A' is the symmetric monoidal category with the commutativity con- 
straint c', the monoidal category A mentioned in Theorem 3.4 is also symmetric with the 
commutativity constraint c defined by 

F{c) = o c'px,FY ° F (3-6) 



Corollary 3.6. If {A', ®, <8)) is an Ann-category, A will become a Picard category with the 
operation induced by the operation (B, and A is also a monoidal category with the operation 
induced by the operation (8). 

For the distributivity constraints, we have the following proposition 
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Proposition 3.7. Let A' be an Ann-category with the family of constraints 

{a'+,c',{0',g',d'),a',{I',l',r'),£',^R') 

and A be an category with two operations (B, such that {A, ®) is a Picard category with con- 
straints {a+,c,{0,g,d)) and {A,^) is a monoidal category with the constraints {a,{I,l,r)). 
Furthermore, assume that F : A ^ A' is a categorical equivalence such that {F, F) is a 
Pic-functor and {F, F) is a monoidal functor. Then, the isomorphisms £, fH, defined by the 
commutative diagrams (3.1) are distributivity constraints and A becomes an Ann-category, 
and {F, F, F) becomes an Ann-equivalence. 

Proof See Proposition 4.2 [7], Proposition II. 1.4 [9]. □ 

The above propositions suggest us to state the theorem of the structure conversion of 
Ann-categories as below 

Theorem 3.8. Let F : A ^ A' be a categorical equivalence together with the quadruple 
{F,G,a,P) satisfying the relation (3.2), and A' be an Ann-category. Furthermore, assume 
that two operations on A induced by F,F' have the unitivity constraints {0,g,d), {I,l,r), 
andF, F are two natural isomorphisms such that {F,F), {F,F) are, respectively, compatible 
with unitivity constraints in terms of each operation ©, (g). Then A becomes an Ann-category 
with the inducing constraints, determined by the commutative diagrams (2.1), (3.6), (3.1a), 
(3.1b), and {F,F,F) is an Ann-equivalence. Particularly, one can choose F, F by (3.4) and 
{0,g,d), {I,l,r) by (3.5a), (3.5b). 

The first corollary is the "stricticizing" of constraints. 

Corollary 3.9. Each Ann-category is Ann- equivalent to an Ann-category whose asso- 
ciativity and unitivity constraints of the operation ® are strict. 

Proof. Assume that A' is an Ann-category. Then {A',(£>) is monoidal equivalent to a Pic- 
category (A, ©) whose associativity and unitivity constraints are strict (see Theorem 14 [13]). 
According to the Propositions 3.6 and 3.7, by the structure conversion, the Pic-category 
{A, ®) becomes an Ann-category equivalent to □ 



4 The first invariants of an Ann-category 

As we know (Sec [15]), each Gr-category V is uniquely determined, up to an equivalence, by 
three characteristic invariants: 

1. The group HoiV) of the isomorphic classes of objects of V 

2. no(7')-lcft module ni(P) = Autp(O) 

3. The element ^ G H^{Uo{-p),UiiV)) (group cohomology). 

The action of the group HoiV) on the abelian group ni('P) is given by: 

su = 7-i^x(u), X e s eUo{V),ueUi{r) 

where jXtSx are isomorphisms determined by the commutative squares: 

X »- X X «- X 



(4.0) 

o®x oe^ x®o x®o 
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When P is a Picard category, = ^x', hence, the above action is trivial. Thus, for the 
Ann-category A we will construct a new action and prove that with this action, Hi {A) is a 

bimodulc on the ring no(^). 

Let A be an Ann-category with the family of constraints 

(a+,c, (0,.g,d),a, (l,;,r),£,fR). 

Then, the set of the isomorphic classes of objects no(-4) of ^ is a ring with two operations 
+, X, induced by the ones ©,(8) in A, and ni(^) = Aut(O) is an abelian group with the 
composition law denoted by +. 

We construct the actions of the ring no(yl) on the abelian group ni(^) so that ni(^) 
becomes a no(^)-bimodule. 

Definition 4.1. The maps Xx,Px '■ Aut(O) — > Aut(O) are given by the following 
commutative diagrams, for X e ob{A) 



X.O 



x.o 







Ax(u) 







0.x 
o.x 







Px{u) 



(4.1) 







Proposition 4.2. If X,Y G ob{A), X = Y, then Xx = Xy and px = Py- 
Proof. Consider the diagram 1 

id 



X.O 



id^u 



X.O 



■X 



(V) 
= 



(I) ^x{u) 



(II) Xy{u) 



■X 



(IV) 



id 



(III) 



y.o 

id<Siu 
Y.O 



Diagram 1 

In this diagram, the regions (I) and (III) commute by the definition of Ax , Xx ', the regions 
(IV) and (V) commute by the Proposition 2.3; obviously, the outside region commutes by the 
composition of morphisms. It follows that the region (II) commutes, i.e., Xx{u) = Xy{u). 
The proof of px = py is completely analogous. □ 

Theorem 4.3. The left and right actions of the ring no(.4) on the abelian group ni(^) 
defined, respectively, by the following relations 



su = Xxiu), us = px{u) 
where X e. s,s £ Ilo{A),u G ni(^) make ni(^) become a IlQ{A)-bimodule. 



(4.2) 
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Proof. We have to prove that the actions su, us satisfy the following equalities: 



a) s{ui + U2) = sui + SU2 , 

b) {Si + S2)u = SiU + s^u , 
C) Si{S2U) = {SiS2)u , 

d) lu = u , 

e) {ru)s = r{us) 



a') {ui + U2)s = Uis + U2S 

b') u{Si + S2) = USi + US2 

c') {uSi)S2 = u{siS2) 

d') ul = u 



1. In order to prove the relation a), we consider the diagram 2 



id (g) (wi + U2) 



id u\ 

(III) X.O 

id (g) U2 

X.O 




Ax(wi) 
(IV) 

Ax(W2) 



\x{ui+U2) 



Diagram 2 

where the regions (I) and (II) commute by the definition of \x , the region (III) com- 
mutes by the composition of morphisms: the outside region commutes by the definition 
of Ax- It follows that the region (IV) commutes, i.e., Xx{ui + U2) = Ax(mi) + Ax(m2) 
or s{u\ + U2) = sui + SU2- 

The equality a') is analogously proved by the definition of px- 
2. In order to prove the relation b), first we consider the diagram 



0® 







(I) 

70 (■(*) = 



OffiO 

do 







(11) 

5o{v)=v 



OffiO 
do=go 

* 



where the regions (I), (II) commute, respectively, by the definitions of 7o,<5o; and 
7o(u) — u ((5o(w) = v) by the functoriality of do {go). It follows that the outside region 
commutes, i.e., 

go{u ® v)go^ = u + V (3.3) 



This equality establishes an isomorphism 

w : Aut(0 ffi 0) 



Uk&V 



Aut(O) 
u + v 
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Now, we consider the following diagram 3 

(i<i(gu)e(irf®t») 



X.O © Y.O 



(II) 90 I 



{X®Y).0 



(III) 

^X®1'(") 



X.O e Y.O 



(I) L^mL' 



e © 



so (IV) 



(X®Y).0 



Diagram 3 

In this diagram, the region (I) commutes by the definitions of Ax,Af; the region 
(V) commutes by the definition of Xx^y] the regions (II) and (IV) commute by the 
properties of isomorphisms L^, the outside region commutes by the functoriality 
of EP. It follows that the region (III) commutes. Also by the relation (4.3), we have 
Xx®y{u) = Xx{u) + Xy{u), or (s + r)u = su + ru for X € s,Y & r. The relation b') 
is analogously proved. 



3. In order to prove the relation c), we consider the diagram 4 



Xxy{u) 



(11) 



rX 



X.(F.O) 



(III) 

id (g) {id ® u) 



X.Q 



id (g) (IV) 
id® \y{u)) 



\x{\y{u)) 



x(y.o) (V) 

id®L^ 
- X.O — 



rX 



fXY {id ®)id)®>U fXY 

{X.Y).0 ^ {X.Y).0 



Diagram 4 

In this diagram, the region (I) commutes by the definition of Xx.y', the region (VI) 
commutes by the definition of Xx ; the region (IV) commutes by the definition of Xy ; 
the region (III) commutes by the functoriality of a, the regions (II) and (V) commute by 
the properties of isomorphisms L"^, R"^. It follows that the outside region commutes, 
i.e., Xx.y{u) = Xx{Xy{u)), or {sr)u = s{ru) for X G s,Y G r. The relation c) is 
analogously proved. 
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4. By the relation = Iq and by the nature of Zq we have the commutative diagram 

..U 

id<Siu 




This means that u = Xi{u) by the definition of Ai. Thus lu = u. Analogously, ul = u. 

5. Finally, we prove that {su)r = s(ur). Consider the diagram 5 In this diagram, the 
regions (I) and (V) commute by the properties of isomorphisms L^, , the regions 
(II) and (VII) commute by the definition of py] the region (III) commutes by the 
nature of a; the regions (IV) and (VI) commute by the definition of Xx- It follows that 
the outside region commutes, i.e., py{Xx{u)) = Xx{py{u)), or {su)r = s{ur). 



O 



O 



Xx{p^{u)) 



(VI) 

^xo ^'^^^-("^ • xo ■ o 



(11) 



X{OY) ^^^("^^^) . x{OY) 



(I) a 



(III) 



a (V) 



{XO)Y , ^X0)Y 



(IV) 



® id 



R^ 



OY >^^(-)^'d _ 

(VII) 



R' 



Py{Xx{u)) 
Diagram 5 



O 



□ 



Remark 4.4. The isomorphisms Xx, px and the isomorphisms jx in the diagrams (4-0), 
(4-1) concern with each other by the relations 



A^(w) = 7^ o(id(g) u); px{u) = Jq x{u (gi id) (4.3) 
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Proof. First, wc can sec that if {F,F) : ^ ^ ^ is a ©-functor which is compatible with the 
unit {0,g,d), then the following square 



7Fo(«) 




(*) 



commutes. 

Indeed, the family {jx{u))x,X € ob{A) is an automorphism of the identical functor Ia- 
We also have 70 (m) = w so the above square commutes. Now, replacing FO = X.O and 
u = 7-,^ (Siv), we have the commutative diagram 




This shows that 7^^ q {id 'Siv) = Xx {v) by the definition of Ax . The relation of px follows 
analogously. □ 

Remark 4.5. If A is an Q)-category together with the unitivity constraint {0,g,d) and 
~~ ' ' -functor which is compatible with the unit, we have the following 

F{7x{u)) = 7fx(7fo(^")) ■■ F{Sx{u)) = 6fx{Sp'o{Fu)) (4.4) 



(F, F) : A A is an 
relation 



Proof. Consider the following diagram 6 



gpx 



(I) 



p Id 

0®FX FO®FX 



^po{Fu)®id 



(11) 



F{0(BX) - FX 



F®id 

Q®FX ■* FQ®FX 



Fu © id (III) 
F 



F{Q®X) 



F{u © id) (IV) 
F{9x) 



F{lx{u)) 
FX 



(V) 



gpx 



Diagram 6 
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In this diagram, the regions (I) and (V) commute by the compatibihty of the functor (F, F) 
with the unitivity constraint {0,g,d); the region (IV) commutes by the definition of 
(images via F); the region (II) commutes by the diagram in the proof of Remark 4.4; the 
region (III) commutes by the nature of the isomorphism F. It follows that the outside region 
commutes, i.e., 

F(7x(ti))=7Fx(7Fo(^«)) 
The second equality of (4.4) is analogously proved. □ 

To show the invariant of Ho (.4) and ni(^) of Ann-category A we prove the following 

two theorems 

Theorem 4.6. Let A and A' be two Ann-categories. Then, each Ann-functor {F, F, F) : 
A^ A' induces a pair of ring homomorphisms 



F: Yla{A) ^ no(^') 
clsX ^ clsFX 

satisfying the relations 





F{su) 



: F{s) F{u) 





F : 





F{us) 



ni(^) 

u 



F{u)F{s) 



ni(^') 



where Hi {A) is regarded as a ring with the null multiplication. Furthermore, F is a equiva- 
_ 

lence iff F, F are isomorphisms. 

Proof. First, we prove the following lemma 

Lemma 4.7. With the assumption of Theorem 4-6 the following diagram 



F{A O O) 
F 

FA^FO 



F{L^) 



FO 



id®F 



'FA 



FA^O' 



O' 



O' 



(a) 



commutes. 

Proof. Indeed, consider two ©-functors {Gi.Gi) and {G2,G2) as below 

Gi: X ^ F{A<»X); G2:X^FA^FX 

Clearly, Gi = F o L^. Since L is compatible with the unit (0, g, d) of A and F is compatible 
with the units (0, g, d), (0', g', d') of A and A' ^ the composition functor Gi = F o is also 
compatible with the units (0, g, d), (0', g', d'). 

For a similar reason, the functor G2 = L^^oF is compatible with the unitivity constraints 
(0, g, d), (0', g', d') of A, A' . Furthermore, ®-morphisms of functors 



= Fa,x : GiX G2X, X G ob^ 
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are isomorphisms, the following diagram 



GiO 

Gi 



GoO 



(b) 



0' 



commutes, where Gx,G2 are isomorphisms determined by the following commutative dia- 
grams 



FO 



o' 



o' 



GiO = Fo 1,(0) 



G2(0) = L^'^ o F(0) 



This means that the diagram (b) is just the diagram (a). 

Now, we prove the proposition by considering the diagram 7 



□ 



-FA 



O' 



FO 



1p'o{F{\a{u))) 
(11) 

(III) 



F 

FA®FO 

idigiF 



(IV) 
id (8) Fu 



(V) 



O' 



FO 



F{L' 



(I) F{A®0) ^N^") , F{A®0) (VI) 



F 

FA^FO 

id®F 



.FA^O' -^^^J^hiE^FA^O' 



-FA 



Diagram 7 

In this diagram, the region (I) commutes by the property of the isomorphism jx (the diagram 
(*)); the region (II) commutes by the definition of Xa{u) (images via F); the region (III) 
commutes by the nature of the isomorphism F; the region (IV) commutes by the same reason 
as the region (I) ; the regions (V), (VI) commute by the above lemma. It follows that the 
outside region commutes, i.e., from the definition of Xx we have 



1fI{F{Xa{u))) = XpAilp'oF^) 
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Note that if s = clA, then by (4.2), we have 



and 

It follows that 



XpAhpoiPu)) = ^fa{Fu) = F{s) F{u) 



F{su) = F{s) F(w) 



u 

The second relation is analogously proved. After that, we can verify that F and F are 

_ 

two ring homomorphisms. Moreover, F is an equivalence iff F and F are isomorphisms. 
This completes the proof. □ 

5 Reduced Ann-categories 

Let A be an Ann-category. Consider the category S whose objects arc the elements of no(^), 
and whose morphisms are automorphisms, in the concrete, for r £ no(^) 

Auts(r) ={r} x ni(^) 

The composition law of two morphisms is defined by 

(r, u).{r, v) = {r,u + v) 

We can use the structure conversion to make S be an Ann-category which is equivalent to 
A. In A, we choose the representatives {Xs),s G no(.A), and a family of isomorphisms 
ix : X ^ Xg. Then, we can determine two functors: 

G:A^S H:S^A 

G{X) = clX = so H{s) = Xs 

Gif) = (s,7^i(»y/z^i)) H{s,u)=jxAu) 

for X,Y G s and f : X ^ Y, and 7x is determined by the diagram (4.0). The functor 
morphisms a = (7x^(*jf^))s : GH ids and /3 — (ix^) ■ HG — > idA satisfy the conditions 
(3.2) 

H*a = (3*H, GP = a*G 

Thus, we can perform the structure conversion from A to <S. In the concrete, the operations 
®, (8> determined on the reduced category S are those obtained by the conversion of the laws 
e, (8> on ^ by {H, G, a, /3), i.e., 

s®t = G{H{s)®H{t)) = s + t, s,teno(^) 

s^t = GiHis)^H{t)) = St , . 

{s,u)®{t,v) = G{H{s,u)®H{t,v)), u,veAut(0) ^ ' 

(s,u)®(t,w) = G{H{s,u)iSiH{t,v)) 
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Proposition 5.1. The operations ®, (g) of the morphisms have the precise form 

{s,u)®{t,v) = {s + t,u + v) 
{s,u) (Si {t,v) = {st,sv + ut), 

so they do not depend on the selection of the representatives {Xs,ix)- 

Proof. The first relation is proved by H. X. Sinh [13]. Here, we prove the second one. We 
have 

G{H{s,u),H{t,v)) = G{-fxAu)'^'yxAv)) = {sinxliix^xAlx^iu) ^lx,iv))ix]xj) 
Apply the formula (4.4) for the functor L^^ and then apply the formula (4.3), we have 

idx, ® IXt (v) = Ix.Xt [ixloi^d (E) v)) = jx,Xt (Ajc, (w)) = Jx.Xt (sv) 
Similarly, for the functor R^* , we have 

7x, (w) (8i idxt = Ix.Xt {loxt ®id))= ix.x^ [px^ {u)) = ^ix.x, (ut) 
It follows that 

Jx, {u) (8) jx, {v) = [idx, ®lx^{v)). (7^, [u) O idx, ) 

= 7x,Xt {sv).jx,Xt {ut) = -fx,Xt {sv + ut) 

From this, by the functoriality of 7(u), we have 

ix.Xt -7X3X4 {sv + ut).ix]xt = lx,t {sv + ut) 
So wc have the relation (s, u) ® {t, v) = {st, sv + ut). □ 

Proposition 5.2. Auts(O) is a ring with the null multiplication. 
Proof. Indeed, it follows from the second relation of Proposition 5.1 that 

{0,u)<»{0,v) = (0,0) 

□ 

In order to perform the Ann-category structure conversion of A to S, we construct the 

isofunctors H, H of the functor H . S ^ A base on the concept stick defined as follows 

Definition 5.3. Let A be an Ann-category. A stick in A consists of a representatives 
{Xs), s e no(^) such that Xq = 0,Xi = 1 and the isomorphisms 

Vsd ■ (B Xt —> Xs^tt '4's,t '■ ^s^t ~* ^st 

for all s,t G no(^) satisfying 

</fo,t = 9Xt , ^s,o = dx, ^ ^ 2) 
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The conditions (5.2) for the isomorphisms ifs,t and ij^s^t are completely satisfied since 170 = 
doih = r-^ and B} = ro,L^ = lo (according to the definition of the isofunctors g,d,l,r and 
Proposition 3.3). 

For two operations (g), ® on S, the unitivity constraints arc chosen, respectly, as (0, id, id) 
and (I, id, id). Then, by setting (p = (ips.t) and ip = {ips.t) wc have 

Proposition 5.4. Let {Xs,ip,ip) be a stick in Ann-category A. Then {H,H — (fi^^) : 
S ^ A is an (B-functor which is compatible with the constraints {0,id,id);{0,g,d) and 
{H,H = ip~^) : S ^ A is an ®-functor which is compatible with the unitivity constraints 
(1, id, id), (1, 1, r). It follows that S is an Ann-category with the constraints induced by those 
in A by H,H = (p~^,H = ip~^, and [H, H, H) is an Ann-equivalence. 
We call S a reduced Ann-category of A and {H,H,H) is an canonical Ann-equivalence. 

Proof. According to the proof of Proposition 5.1, we can prove that the isomorphisms H = 
(p~^ and H = tp~^ are natural. Obviously, {H, H) are compatible with (0, id, id) and (0, g, d) 
by the definition of stick (here H : H{Q) ^ is the identity). We also deduce analogously for 
{H, H). The functor H and the isomorphisms H, H satisfy the conditions of the structure 
conversion. Thus S becomes an Ann-category with the structure induced by H, H, H, and 
{H, H , H) becomes an Ann-equivalence. □ 

The precise determation of the induced constraints of the reduced Ann-category <S and 
their properties are presented, respectively, in the propositions 5.5 - 5.8 as follows 

Proposition 5.5. Let a+,c be the associativity and commutativity constraint of the 
operation © of Ann- category A. Then, the associativity constraint ^ = H*{a^) and, the com- 
mutativity constraint r] = H*{c) induced on S, respectively, determined by the commutative 
diagram 

e e Xt) Xr® Xs+t >- Xr+s+t 



(Xr e Xs) ext —>~ Xr+s e Xt Xr 



Xr ® Xs ^ Xr+e 



= 1 I (»)(»■.«)) 



Xs © Xr Xg^r 



are two functions whose values in Hi (A) and satisfy the equalities: 

^{s,t,u)-^{r,t,s)+^{r,s-\-t,u)-^{r,s,t-\-u)+^{r,s,t) = 

e(0,5,t)=e(r,0,t)=C(r,s,0) = 

ri{r,s) -\-r]{s,r) = 

^{r,s,t)-^{r,t,s)+^{t,r,s)+r]{r + s,t)-r){r,t)-r]{s,t) = 

and hence 77(6, s) = f]{r, 0) = 0. 

Proof. By the structure conversion, we have {S, ©) is a symmetric monoidal category. Thus, 
the axioms of this category give us the above equalities. □ 
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Proposition 5.6. The reduced Ann-category S has the associativity constraint inducing 
a = H*{a) to the operation (g), determined by the commutative diagram 



Xrst 



is a function 7ro(.4.)^ — > Hi (.4) satisfying the relations: 

ra{s, t, u) — a{rs, t, u) + a{r, st, u) — a{r, s, tu) + a{r, s, t)u 
a{\, s, t) — a(r, 1, t) = a(r, s, 1) 
a(0, s, t) = a{r, 0, t) = a{r, s, 0) 



Proof. By the structure conversion, {S, (g)) is a monoidal category with the strict unitivity 
constraint so from the compatibiUty of a with {l,id,id) we obtain a{l,s,t) = a{r,l,t) = 
a{r,s,l) = 0. The first relation follows from the Pentagon Axiom. Finally, we have to prove 

a(0, s, t) = a{r, 0, t) = a{r, s, 0) = 
• For r = 0, we consider the following diagram 




{OX,)Xt OXt 



In this diagram, the region (II) commutes by the properties of the isomorphisms R^; 
the outside region commutes by the determation of a . It follows that the region (I) 
commutes. Since the properties of the isomorphisms (Lemma 3.3), which yields 

7o(q!(0, s, t)) — id, i.e., a{0, s, t) = 0. 



• For 5 = and t = we, respectively, consider the following diagrams 



1- 



X^iOXt) — «- X,.0 ^ 



■I 



-To(a(r,0,t)) 



{XrO)Xt 



OXt 



X^(X,0) K Xr-O 




{Xr-X,)0 ^ Xr-sO ^ 



and also applying the properties of the isomorphisms L^, R^ (Lemma 3.3), we obtain 

a{r,0,t) = a{r,s,0) = 



19 



□ 



Proposition 5.7. Let £,, ^R be the distributivity constraints of the Ann-category A. Then 
the inducing distributivity constraints A = H*{£,),p H*{'iR) defined by the commutative dia- 
grams 



X,.(Xs®Xt) X^X,+t 



(x^x,) e (x^Xt) x^, e x,. 



x^ 



Xr- 



{Xr.®X^)Xt) ^ Xr+sXt ^(r+»)t) 



</'r,t®</'s,t Vrt,et 
(X^Xt) ® (X,Xt) Xrt®Xst Jfrt+at 



are the functions satisfying the properties 



\{l,s,t) 
p(0,s,i) 



A(0,s,t) 
p(r,0,i) 



A(r,0,t) 
p(r, s, 0) 



A(r,s,0) 
p(r, s, 1) 



Proof. The pair (A, p) defined as above is just the distributivity constraints induced by 

(-ff, J?, H) and £, by the diagrams (3.1a), (3.1b). Since S is an Ann-category whose strict 
unitivity constraint to the operation ®, it follows from the axiom (Ann-3) that A(l,s,f) = 
p(r,5,l) = 0. 

For r = 0, we consider the diagram 

0(X,S>Xt) — ^ OXs+t 

oxs e oxt — e 



where the outside region commutes by the determation of the inducing isomorphism A; the 

region (1) commiitcs by the properties of the isomorphisms R^. It follows that the region 
(II) commutes. Then, since the properties of i?'^, we have jo{X{0, s,t)) = id. Since 70 is an 
isomorphisms, A(0, s, t) = 0. 

For s = 0, we consider the diagram 



Xr.{0®Xt) 



x^o e x^x 




where the outside region commutes by the determation of the inducing isomorphism A; 
the region (I) commutes by the compatibility of the distributivity constraint £, with the 
unitivity constraint (0, g, d); the region (II) commutes by the composition law of morphisms. 
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It follows that the region (III) commutes. But by the functoriality of g, this means that 
7Xrt(-^(^)0,f)) = id. Since is an isomorphism, X{r,0,t) = 0. 

Similarly, we have A(r, s, 0) = and p{0, s, t) = p{r, 0, t) = p{r, s,0). □ 

The above results suggest us to state the following proposition 

Proposition 5.8. In the induced Ann-category S = (iS, ^, 77, (0, id, id), a, (1, id, id), A, p), 
the constraints £,,r],a,X,p are the functions whose values in ni(^) and which satisfy the 
following relations for all x, y,z,t G no(^). 

SI- ^{y, z, t) - ^{x + y, z, t) + £,{x, y + z,t)- $,{x, y,z + t)+ ^{x, y,z) = 

52. ^(a;, y, z) - ^{x, z, y) + ^{z, x, y) + r]{x + y,z)- r]{x, z) - r]{y, z) = 

53. T]{x,y)+'n{y,x)=0 

54. XT]{y, z) - r]{xy, xz) = X{x, y, z) - X{x, z, y) 

55. r]{x, y)z - ri{xz, yz) = p{x, y, z) - p{y, x, z) 

56. x(,{y, z, t) — i{xy, xz, xt) — X(x, z, t) — X(x, y + z,t) + X{x, y, z + t) — X{x, y, z) 

57. £,{x, y, z)t - £,{xt, yt, zt) = p{y, z, t) - p{x + y, z, t) + p{x, y + z,t) - p{x, y, z) 

58. p{x, y,z + t)- p{x, y, z) - p{x, y, t) + X{x, z, t) + X{y, z, t) - X{x + y, z, t) = 
£,{xz + xt, yz, yt) + £,{xz, xt, yz) - r]{xt, yz) + ^{xz + yz, xt, yt) - ^{xz, yz, xt) 

59. a{x, y, z + t) — a{x, y, z) — a{x, y, t) = xX{y, z, t) + X{x, yz, yt) — X{xy, z, t) 

510. a{x, y + z,t) — a{x, y, t) — a{x, z, t) = xp{y, z, t) — p{xy, xz, t) + 

X{x,yt,zt) - X{x,y,z)t 

511. a{x + y, z, t) - a{x, y, t) - a{y, z, t) = -p{x, y, z)t - p{xz, yz, t) + p{x, y, zt) 

512. xa{y, z, t) — a{xy, z, t) + a{x, yz, t) — a{x, y, zt) + a{x, y, z)t = 

and satisfy "normalization" conditions: 

e(0,2/,z) = ax,0,z)=ax,y,0) = 

o:{l,y,z) = a{x,l,z) = a{x,y,l) =0 

Oi{0,y,z) = a{x,0,z) = a{x,y,0) = 

X{l,y,z) = X{0,y,z) = X{x,0,z) = Xix,y,0) = 

p{x,y,l) = p{0,y,z) = p{x,0,z) = p{x,y,0) = 0. 



Proof. The relations 1 - 3, 12 and "normalization" conditions were just proved right in the 
Propositions 5.5 - 5.7. The remaining relations follow directly from the axioms of Ann- 
categories. (Here, the order of the relations as above differs from their order in the definition 
but it is convenient for the later use). □ 

Thus, from a stick {Xs,(p,'ip) of Ann-category A, we establish a reduced Ann-category 
iS which is Ann-equivalent to A. We have known that the operations induced on S do not 
depend on the selection of the stick. We now consider the effect of different choices of sticks 
in the inducing constraints on S. For convenience, we also call (^, rj, a, X, p) is a family of 
constraints of Ann-category S. 
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Proposition 5.9. IfS and S' are two reduced Ann-categories of A corresponding to two 

sticks {X SI ^,ip),{X'^,ip' then 

1. There exists an Ann- equivalence (F, F, F) : S' ^ S, where F = id 

2. Two families of the constraints {^,r],a,X,p) and ,r]' ,a' , X' , p'), respectively, of S 
and S' satisfy the following relations 



C{x,y,z) - ^{x,y,z) = fx{y,z)- nix-\-y,z)+ p{x,y,z)- fi{x,y) 

r]'{x,y) -r]{y,x) = ii{x,y) - ii{y,x) 

a'{x,y,z) - a{x,y,z) = xv{y, z) - v{xy, z) + v{x,yz) - v{x,y)z 

>^'{x,y,z) - X{x,y,z) = v{x,y + z) - v{x,y) - v{x,z) + xii{y,z) - ii{xy,xz) 

P'{x,y,z) - p{x,y,z) = v{x-\-y,z)-v{x,z)-v{y,z)+p,{x,y)z- p.{xz,yz) 

where p,,v : Ho (.4)^ Hi (.A) are two functions satisfying the conditions p-{0,y) = /u(a;,0) 
I ) and 1^(0, y) = u{x, o) = 1/(1, y) = u{x, 1) = 0. 

Proof. 1. According to Proposition 5.4, ^ V'"^) ^nd {H' , (p'~^ ,tp'~^) are two canonical 

Ann-equivalence corresponding to S, S' . Then there exits an Ann-equivalence K, K, K : A ^ 
S which carries each object X to the class consisting of X. Setting F = KH', F = KH', we 
obtain (F, F,F) : S' ^ S is an Ann-equivalence (according to II. 1.2. [9]) and F = id. 

2. Setting /i = KH',u = KH'. Then, from the compatibility of Ann-functor (F = 
id,p,v) with the corresponding constraints of S' and S, we obtain the above relations. 
Moreover, we can verify that p{o,y) = i^{x,l) = by the "normality" of the functions 
^,r],a,X,p. □ 

Proposition 5.10. In Proposition 5.9, we can choose the stick (X^,(/j',V') instead of 

the stick {Xs,^,ip) such that p,,v : Ilo{A)'^ — > ni(^) are two arbitrary functions satisfying 
the conditions ii{x, 0) = /i(o, y) — Q and v{x, 0) = i^(0, y) = fix, 1) = y) ~ 0. 

Proof. Suppose that ji, v are two functions mentioned in the proposition. After choosing the 
representatives [X'^) such that X'^ = 0, X( = 1, we may construct the function H' : S' ^ A. 

Then H' , H' are chosen such that KH' = ji and KH' = v, where {K, K, K) is mentioned in 
the proof of Proposition 5.9. It follows that = {H')-'^,ip' = {H')''^. □ 

Note that in an Ann-category of the type {R, M), two unitivity constraints of ® and <8> 
are both strict, we have the following definition 

Definition 5.11. Two structures {^,ri,a, X, p) and {^' ,ri' ,a' ,X' , p') of Ann- category of 
the type {R,M) are cohomologous iff they satisfy the relations in Proposition 5.9. Clearly, 
we have 

Lemma 5.12. Two structures f,f' are cohomologous iff they are two families of con- 
straints of an Ann-category of the type (R, M) which are compatible with each other to the 
Ann-functor (F, F, F) : (i?, M) {R, M), where F = id^. We now present the third invari- 
ant of Ann-categories. 
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6 Pre-sticked Ann-categories of the type {R, M) 

We may simplify the problem of equivalence classification of Ann-categories by the classifica- 
tion of Ann-categories which have the same (up to an isomorphism) the first two invariants. 
The results in this section were first presented in [9]. 

Definition 6.1. Let R be a ring with the unit, M be an R-bimodule and be a ring with 
the null multiplication. We say that an Ann-category A has a pre-stick of the type {R,M) if 
there exists a pair of ring isomorphisms e — (eo, ei) 

€o:R-^ no{A), ei : M ^ ni(^) 

which is compatible with the module actions, i.e., 

ei{su) = eo(s).ei(u), ei{us) = ei(u).eo(s) 

for s € R,u G M. The pair e = (eo,ei) is called a pre-stick of the type {R,M) to the 
Ann-category A. 

A m,orphism between two Ann-categories A, A' , whose pre-stickes are of the type {R, M) 

(with, respectively, the pre-sticks e, e') is an Ann-functor {F,F,F) : A ^ A' such that the 
following triangles 

_ 

no (.A) — ^— no{A') TiiiA) — ^— ni{A') 




(6.1) 



_ ~ _ 

commute, where F and F arc ring homomorphisms induced by {F, F, F). Clearly, F and F 
are ring isomorphisms and thus F is an Ann-equivalence. 

Theorem 6.2. Each congruenc e class of an Ann-category pre-sticked by {R,M) defines 
uniquely a cohom,ological class k = (^, r], a, A, p) of structures of Ann- categories of the type 
{R,M), and thus k is the third invariant of A. 

Proof. Suppose that A is an Ann-category whose pre-stick is of the type {R, M) . In A, we 
choose a stick {Xs,ip,tp). Then, this stick induces a reduced Ann-category S together with 
the Ann-equivalences (G, G, G), {H, H, H) as in Proposition 5.4. Assume that e = (eo, ei) is 
a pre-stick of the type (i?, M) of A. Let T denote the category built from the ring R and R- 
bimodule M, which is similar with the reduced Ann-category when we replace Ho (.A), Hi (^) 
with, respectively, R,M. Then, since e : X — > 5 is an isomorphism, we can perform the 
structure conversion from <S to X so that 1 becomes an Ann-category where 

(e, id, id) : I{R, M) ^ S 

is an Ann-equivalence. Therefore, we obtain a structure (^, 77, a, A, p) - a family of constraints 
of I induced by the family of constraints of S. 

Now, if we choose in A an other stick [X'^, <^', ■^'), we will obtain a corresponding structure 
(^', 77', a'. A', p') of I in the same way. Then, from Proposition 5.9 and the isomorphism 
property of e, it is easy to see that the structures (^, ry, a. A, p) and , t]' , a' , X' , p') are 
cohomologous. 
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Assume that A and A' arc prc-stickcd Ann-catcgorics of the type (i?, M) and equivalent, 
i.e., there exists an Ann-equivalence {F,F,F) : A ^ A! such that the diagrams (6.1) com- 
mute. In A, we choose an arbitrary stick (X^, V') and from that, we obtain the structure 
(^, r/, a, A, p) = / via the canonical Ann-equivalences: 

ji^R^M)^^^S^^^A 

Similarly, in A' we choose the stick [X'^, ip' , ijj') and obtain the structure 
(^', 7]', a', A', p') = f via the canonical Ann-equivalences: 

^ ~ _ 

Ann-equivalence (F, F, F) induces the pair of ring isomorphisms (F, F); this pair is regarded 

as an Ann-functor S ^ S' making the diagram 



S - S' 



commute. 

Like in the proof of Proposition 5.4, there exists an Ann-equivalence (G, G' , G') : A' 
such that G'H' ~ id. Then, the following diagram 



S' 




commutes. ^ 

Set K = e' .G' .F.H.e, then (K,K,K) : X ^ T is an Ann-equivalence which is compatible 
with the constraints /, /'. Since K = id, f and /' are cohomologous structures. □ 

Theorem 6.3. (Theorem 3.4[11]) There exists a bijection 

^ :C{R,M) ^ S{R,M) 

between the set of congruence classes of the pre-sticked Ann-categories of the type (i?, M) 
and the set of cohomologous classes of the structures of Ann- categories of the type {R, M). 

Proof. Let $ be the function which maps each congruence class of Ann-category A to the 
invariant k. Let A, A' be pre-sticked Ann-categories of the type (i?, M) whose corresponding 
structures / and /' are cohomologous. Then, there exists an Ann-functor 

{K, K, k) : I{R, M) I{R, M) (where K = id) 
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which is compatible with the family of constraints {^,ri,a, X, p),{^' ,ri' ,a' , X' , p'). Then, we 
consider Ann-functor of composition 

F = H'.e',K.e-\G : A ^ A' 

where {G,G,G) : ^ ^ is an Ann-cquivalcncc such that G.H 2± id. Clearly, (F,F,F) is 

_ 

an Ann-equivalence and the pair of induced ring isomorphisms {F, F) : S —>^ S' makes the 
diagrams (1) commute. It shows that {F, F, F) is a morphism and A, A' belong to the same 
congruence class, and thus <I> is an injection. 

Now, if A: = (^, rj, a, A, p) belongs to S{R, M), then T{R, M) will be an Ann-category with 
the family of constraints (^, (0, id, id), r], a, (1, id, id), X, p). This shows that $ is a surjection. 

□ 

7 Classification theorems 

Let us recall that an Ann-category A is regular if its commutativity constraint satisfies 
cx,x = id, for all X & A. In [9], [11], authors showed that each structure (^,77, a, A,p) of 
the regular Ann-category A satisfies r}{x, x) = 0, and therefore becomes a Shukla 3-cocycle 
of Z-algcbra R. with coefficients in i?-bimodule M. Therefore, from Theorem 7, we have 

Theorem 7.1. (Theorem 4^.4[11]) There exists a bijection between Cr{R,M) - the set of 
congruence classes of pre-sticked regular Ann- categories of the type {R, M) and the Shukla 
cohomology group Hgi^{R, M). 

We now use the cohomology group HMahi^' ^) ^'^^ to Maclane to prove the Classifica- 
tion Theorem in the general case. Theorem 7.6. 

From the definition of ring cohomology of MacLane [6] , we may obtain the description of 
the elements of H^^^{R, M). 

The group Zlj^^j^{R, M) of 3-cocycles of R, with coefficients in M, consists of the quadru- 
ples (ct, a, X, p) of the maps: 

a-.R'^^M; a,X,p:R^^M 
satisfying the following conditions: 

Ml. xa{y, z, t) — a{xy, z, t) + a{x, yz, t) — a{x, y, zt) + a{x, y, z)t — 

M2. —a{x, z, t) -\ — a(i), z, t) + a{x + y, z, t) + p(xz, yz, t) — p{x, y, zt) + p{x, y, z)t = 

M3. -a{x, y, t) - a{x, z, t) + a{x, y + z,t) + xp{y, z, t) - p{xy, xz, t) 

—X{x, yt, zt) -\- X{x, y, z)t = 
MA. a{x, y, z) + a{x, y, t) - a{x, y,z + t) + xX{y, z, t) - X{xy, z, t) + X{x, yz, yt) = 
M5. A(a;, z, t) -\- X{y, z, t) — X{x + y, z, t) — p{x, y, z) — p{x, y, t) 

+p{x, y, z + t) + a{xz, xt, yz, yt) = 
M6. A(a;, a, b) + X{x, c, d) — X{x, a + c, b + d) — X(x, a, c) — X{x, b, d) 

-|-A(x, a + b,c + d) — xa{a, b, c, d) + a{xa, xb, xc, xd) = 
M7. — b, x) — p{c, d, x) + p{a + c,b + d,x) + p{a, c, x) + p{b, d, x) 

—p{a + b,c + d,x) — a{ax, bx, cx, dx) -\- a{a, b, c, d)x = 
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M8. — cr(a, b, c, d) — a{x, y, z, t) + a{a + x,h + y,c+ z,d + t) + a{a, b, x, y) 

+(t(c, d, z, t) — (7{a + c, b + d, X + z , y + t) 
—<j{a, c, X, z) — a{b, d, y, t) + a{a + b,c + d,x + y, z + t) =0 

and these 4 functions satisfy cannonical conditions: 

a{Q,y,z) = a{x,0, z) = a{x,y,0) = 

X{0,y,z) = X{x,0,z) = \{x,y,0) = 

p{0,y,z) = p{x,0,z) = p{x,y,0) =0 

a{a,b, 0,0) = cr(0, 0, c, d) = cr(a, 0, c, 0) = cr(0, 6, 0, d) = cr(a, 0, 0, d) = 0. 

3-cocycle h = {a, a, A, p) belongs to B^^^J^ iff there exist ijl,u : E? M satisfying: 

M9. (j{x, y, z, t) = iJ.{x, y) + ii{z, t) - p.{x + z,y + t) - p.{x, z) - n{y, t) + iJ.{x + y,z + 1) 

MIO. a{x, y, z) = xv{y, z) — v{xy, z) + v{x, yz) — v{x, y)z 

Mil. \{x, y, z) = v{x, y + z) - v{x, y) - v{x, z) + xfi{y, z) - p.{xy, xz) 

M12. p{x, y, z) = v{x + y,z)- v{x, z) - v{y, z) + p,{x, y)z - p{xz, yz) 

Finally, 

Hi,,^{R, M) = Zi,,^{R, M)/BlM M) 

Now we assume that ^ is a pre-sticked Ann-category of the type {R, M) and rj, a, A, p) is 
one of its structures. We define a function a : R'^ ^ M given by 

(7(x, y, z, t) = ^{x + y, z, t) - ^{x, y, z) + r]{y, z) + ^{x, z, y) - ^{x + z, y, t){*) 

This equality shows that a is just the morphism v 

v:{x + y) + {z + t)-*{x + z) + {y + t) 

in an Ann-category of the type (i?, M) . 

Proposition 7.2. The quadruple {a, a, X, p), induced by the structure ry, a, A, /?), be- 
longs to Z%^^{R,M). 

Proof. First, the normalization of a follows from the normalization of (,,ri 

cr(0, 0, z, t) = (7{x, y, 0, 0) = ct(0, y, 0, t) = ct(x, 0, z, 0) = <t{x, 0, 0, t) = 0. 

We will show that the quadruple (fj, a, A, p) satisfy the relations Ml — M8. Relation Ml 
is just the relation 5*12 in Theorem 5.8. The relations M2, M3, M4, M5 are, respectively, 
511, 510, 59, 58 in Theorem 5.8. 

According to the Coherence Theorem, in Ann-categories of the type [R, M), the following 
diagrams 1, 2 commute. Thus the relations M6, M9 follows. M7 is decuced from the 
commutative diagram which is similar with the diagram 1, where s tensored on the right. 
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The remaining relations of a 3-cocycle are deduced directly from the remaining axiomatics 
of Ann-categories. 

s[{x + y) + {z + t)] s[{x + z) + iv + t)] 



s{x + y) + s{z + t) s{x + z) + s{y + t) 



{sx + sy) + {sz + st) — {sx + sz) + {sy + si) 

V 

[(a + 6) + (c + d)] + [(x + y) + {z + t)] [(o + 6) + (x + y)] + [(c + d) + (z + t)] 



V + V 



[(a + c) + (b + d)] + [(x + z) + {y + t)] 



[(a + c) + (x + z)] + [(6 + d) + (y + t)] 



V + V 



V -\- V 



[(a + x) + (6 + J/)] + [(c + «) + (d + t)] 



[(a + x) + (c + 2)] + [(5 + ?/) + (<< + t)] 



(Diagram 1) 



Diagram 2 



□ 



Proposition 7.3. Each Mac Lane 3-cocycle h = {a,a,X,p) is induced by a structure 
f = (^) P)) of Ann-category of the type {R, M). 

Proof. Let h = {a, a, A, p) be a given element in Z\^^^j^{R, M)). Set 

^{x, y, z) = -p{x, y, 0, z), r]{x, y) = p(0, x, y, 0) 

we obtain a tuple of 5 functions / = {^,ri,a, X, p). The normalization of the functions ^, 
follows from the normalization of a. We now show that / is a structure of Ann-category 
of the typo {R,M). First, the relations Ml — M4 are just 512 — S9 in the structure of 

Ann-category of the type (i?, M). 

The relation SI follows from M8 when we choose c = = x = y = z. 

The relation 53 follows from M8 when we choose a = b = d = Q = x = z = t 

The relations 54 and 55, respectively, follows from M6 and M7 when we choose a = = 0. 

The relations 56 and 57, respectively, follows from M6 and M7 when we choose c = 0. 

We now prove the relation 52. In M8, we first choose b = c = Q = x = z = t,^e obtain 

-^(a, y, d) + d, y) - r]{d, y) + a{a, d, y,0) = (1) 

Then we choose a = c — = y = z = t, wc obtain: 

— ^(cc, b, d) + r]{b, x) — r]{b + d,x) + a{b, d, x, 0) = 0. 

The above relation turns into: 

-C{y, a, d) + r]{a, y) - v{a + d,y) + a{a, d, y,0) = (2) 
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Let (1) be subtracted by (2), we obtain: 

-^{a, y, d) + ^(a, d, y) + ^{y, a, d) + 77(0 + d,y)- r]{a, y) - r]{d, y) = 0. 

Finally, we prove the relation S9>. To do this, we prove that a can be presented via ^, 
according to (*). Indeed, in M8, we choose d = Q = x = y = z,we obtain: 

a{a, b, c, t) + ^{a + c, b, t) - ^{a + b, c, t) - a{a, b, c, 0) = (3). 

In (1), set d = b,y = c, we obtain: 

^(a, c, 6) - ^(a, b, c) - ry(6, c) + (j{a, b, c, 0) = (!')• 

Let (1') be added by (3), and use suitable computation, we obtain (*). 

Now, thanks to (*), MS becomes the relation 5*8. This means the tuple of 5 functions 
/ = (^) P)i is a structure of Ann-category of the type [R, M). Moreover, from (*), this 

structure induces Mac Lane 3-cocycle h = {a, a, A, p). □ 

Corollary 7.4. There exists a bijection from the set of structures of Ann- categories of 

the type (R, M) to the set of 3-cocycle HIj^^{R,M). 



Proof. The result follows from the proof of Proposition 7.2, 7.3. 
Proposition 7.5. There exists a bijection 



□ 



r : S{R,M) 
7= a, A, p) 



hI,l{r,m) 



h = {a, a, A, p) 



from the set of congruence classes of structures of Ann- categories of the type {R, M) to the 
cohomology group H\j^^[R,M). 

Proof. Indeed, assume that structures /, /' are cohomologous. Then, they are compatible 

with an Ann-functor {F = id,F,F), thus a — a' , A — A', p — p' satisfy M12-M14, where 

F = p,,F = u. Besides, the following diagram commutes thanks to coherence property of an 
symmetric monoidal functor: 



F((a + b) + {x + y)) 



F(a + b) + F(x + v) 



F((a + x) + (6 + y)) (F(a) + F{b)) + (F(x) + F(y)) 



F{a + x) + Fib + y) ^ {F(a) + F(x)) + {F{b) + F{y)) 



(Diagram 3) 
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Note that F = id and F = fj,, the above diagram gives us 

a'{x,y,z,t) - a{x,y,z,t) = iJ,{x + y, z + 1) + iJ.{x,y) + iJ.{z,t) - iJ,{x + z,y + 1) 

-li{x,z) - ii{y,t) 

That means a — a' satisfies M9. Thus h, h' belong to the same cohomologous class of 
-^MabC-^' M), this shows that F is a function. 

Now assume that r(7) = h, r(f') = 77, and h - h' e Hl^^^{R, M). Then a - a', A - A', 
p — p' satisfy MIO — M12, and these are just the last 3 relations in Theorem 4.8. Thanks to 
(*), the definition of a and the nomalization property of ^, r?, we have 

^(a;, y, z) = -a{x, 0, y, z) ; ^'(a;, y, z) = -a'ix, 0, y, z) 

ri{x,y) = a{0,x,y,0) ; r]'{x,y) = a'{0,x,y,0). 

Therefore, from M9, we have the remaining 2 relations in Theorem 4.8, and thus /, /' are 
cohomologous structures, i.e., T is an injection. 

We now prove that F is a surjection. According to Proposition 7.3, each element h = 
{a, a, A, p) in Z^^j^{R, M)) is induced by the structure / = t], a, A, p) of the Ann-category 
of the type {R, M), i.e., r(/) = h, and therefore F is a surjection. □ 

Theorem 7.6. There exists a bijection 

CiR,M)^Hi^^iR,M) 

from the set of congruence classes of pre-sticked Ann-categories of the type {R, M) to the 
cohomology group Hlf^j^{R,M) due to Maclane. 

Proof. It is deduced from Theorem 6.3 and Proposition 7.5. □ 

Corollary 7.7. There exists an injection from Hgf^{R,M) to H'lf^i^{R,M). 
Proof. It directly follows from Theorems 7.1 and 7.6. □ 
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